We study the S = 1 Heisenberg antiferromagnet on a spatially anisotropic triangular lattice by the numerical diagonalization method. We examine the stability of the long-range order of a three-sublattice structure observed in the isotropic system between the isotropic case and the case of isolated one-dimensional chains. It is found that the long-range-ordered ground state with this structure exists in the range of 0.7 < ∼ J2/J1 ≤ 1, where J1 is the interaction amplitude along the chains and J2 is the amplitude of other interactions.
Frustrated magnets have attracted much attention from the viewpoint of realizing exotic quantum states and phase transitions that occur between such states. One such magnet is the triangular-lattice Heisenberg antiferromagnet. Much effort has been devoted to studies of the S = 1/2 model, particularly since Anderson 1 pointed out that this model is a possible candidate for the realization of the spin liquid ground state due to magnetic frustrations. Now, it is widely believed that the ground state of the S = 1/2 model has a long-range order (LRO) with a small three-sublattice magnetization. [2] [3] [4] [5] [6] This spin structure is also called the 120 deg structure from the directions of neighboring spins. However, estimating the magnetic order of a three-sublattice structure (3SS) quantitatively by direct methods that are unbiased beyond any approximation or variational method is still difficult even now. Numerical diagonalization data of small finite-size (FS) clusters of up to 36 sites of the S = 1/2 model 5-7 were examined. 8 However, Leung and Runge 7 and Bernu et al. 6 reported the subtlety in quantitative extrapolation from their diagonalization data of spin correlation functions for observing the order directly.
Since the LRO occurs as a consequence of the delicate balance of the frustrated situation, the instability of this order is an attractive issue in the case when the model includes factors additional to the triangular-lattice Heisenberg antiferromagnet. One such factor is the spatial anisotropy of interactions in the system. Let us consider that the interaction along a specific direction (J 1 ) is different from the interaction along the other two directions (J 2 ) among three equivalent directions in the isotropic case (see Fig. 1 ); here, we focus our attention on the range of 0 ≤ J 2 /J 1 ≤ 1. In the case of J 2 = 0, the system is reduced to isolated spin chains with an antiferromagnetic interaction, in which the LRO does not occur owing to the one-dimensionality. Therefore, the order must disappear at a point in this range of 0 ≤ J 2 /J 1 ≤ 1.
In the classical case of S = ∞, the spiral ground state is realized in the range of 0 ≤ J 2 /J 1 ≤ 1; the behavior is characterized by the canting angle between neighboring spins. In the quantum case, however, not only the canting angle but also sublattice magnetization in the spiral state can be changed due to quantum fluctuation; the situation is different from the classical case. The S = 1/2 case has also been tackled. [11] [12] [13] [14] [15] [16] [17] [18] On one hand, there are various reports concerning the range of the spiral state depending on the method. 19 On the other hand, it was shown by the functional renormalization group approach that the LRO in the isotropic case disappears quickly when the anisotropy is switched on. 15 Our understanding of this S = 1/2 model has not reached a consensus so far.
In this letter, we examine the S = 1 triangular-lattice Heisenberg antiferromagnet with a spatial anisotropy. One major difference of the S = 1 case from the S = 1/2 case is that the ground state at J 2 = 0 in the S = 1 case shows the Haldane gap, whereas that in the S = 1/2 case is gapless in the spin excitation. It is a nontrivial issue how the existence of the gap affects the magnetically ordered phase, which is supposed to be realized in the isotropic case. Only two approximations 20, 21 have been attempted to elucidate the S = 1 case. By a linkedcluster series expansion method, 20 it was shown that the ratio J 2 /J 1 at the boundary between the magnetically ordered phase of the spiral state and the disordered phase is 0.33. In ref. 21 , it was shown by the coupled cluster method that the ordered phase spreads over a range of as low as J 2 /J 1 = 0.25. In order to obtain an understanding of what beyond any approximation, direct numerical simulations have become increasingly important. However, the quantum Monte Carlo method cannot be applied to the analysis of the triangular-lattice antiferromagnet owing to the so-called negative-sign problem from the frustration in the system. Although the density matrix renormalization method is powerful for the analysis of onedimensional systems irrespective of whether or not frustration exists, this method is much less effective for the analysis of two-dimensional systems such as a triangularlattice antiferromagnet. Under these circumstances, the numerically exact diagonalization method based on the Lanczos algorithm is applicable to the triangular-lattice antiferromagnet irrespective of the spatial dimensionality and the existence of magnetic frustration. The purpose of the present study is to extract information on the magnetic LRO from spin correlation functions calculated by the Lanczos diagonalization method in the S = 1 FS clusters. The first aim is that the LRO of the three-sublattice structure is quantitatively confirmed in the isotropic case of J 2 = J 1 by the direct simulation of Lanzcos diagonalization in contrast with the situation mentioned above, for which no such confirmation in the S = 1/2 case has been successfully made yet. The further progress in this study clarifies how the LRO behaves in the anisotropic case without having a biased guess based on the argument of the classical system.
Here, we study the Hamiltonian given by
where S i denotes the S = 1 spin operator. The sum runs over all nearest-neighbor pairs having the antiferromagnetic interaction of J 1 or J 2 . Energies are measured in units of J 1 ; hereafter, we set J 1 = 1. The number of spin sites is denoted by N s . We take N s /3 to be an integer. In all cases of N s =12, 21, and 27, we have a rhombic cluster having an interior angle of π/3, at which the twodimensionality may be well captured within FS clusters, although only nonrhombic clusters can be formed in the cases of N s =15, 18, and 24 (see Fig. 2 ). Note that we exclude the cases in which a system of three-site chains is formed only by J 1 bonds at the point of J 2 = 0. We impose the periodic boundary condition for FS clusters. We calculate the lowest energy of H in the subspace divided by j S z j = M . The energy is denoted by E(N s , M ). We also calculate the correlation function S The weak point of the Lanczos diagonalization method is that only small clusters can be treated owing to the exponential increase in the dimension of the Hamiltonian matrix with respect to the system size. To overcome this problem, we have carried out parallel calculations 22 using the MPI-parallelized code 23 to treat system sizes as large as possible. The case of N s =27 is the largest size in this study. 26 In this case, the largest number of dimensions is 712 070 156 203 for the subspace of M = 0. Note that this number of dimensions is the largest among those reported in numerical diagonalization studies of quantum lattice systems, to the best of our knowledge. 28 Now, we present our results of the S = 1 triangularlattice antiferromagnet for the FS rhombic clusters including the case of N s = 27; these results are listed in Table I . In Fig. 3 , the ground-state energy per site e g = s . A linear least-squares fitting gives −e g /J 1 = 1.838 ± 0.007, which is in agreement with the results of the spin-wave approximation 3 and coupled cluster method. 21 The inset of Fig. 3 depicts the singlet-triplet energy difference Table I . List of numerical data of the ground-state energy eg = E(Ns, M = 0)/Ns, the singlet-triplet energy difference ∆ Ns = E(Ns, M = 1) − E(Ns, M = 0), and correlation functions for the rhombic clusters. The distance between sites i and j is denoted by |r ij |. 
. The excitation gap seems to vanish in the thermodynamic limit, which is consistent with the existence of the LRO. These results suggest that the FS clusters shown in Fig. 2 are an appropriate series for analyzing our data of correlation functions. Next, we examine the magnetic order of the triangularlattice antiferromagnet from FS data of not only rhombic but also nonrhombic clusters. In the isotropic case, let us focus our attention on the signs of S z i S z j in Table I . It is possible to group all the spin sites by whether S z i S z j is positive or negative so that sites i and j belong to a common group for a positive S z i S z j . One finds that the grouping divides all the spin sites into three equivalent sublattices. Thus, we evaluate the quantity defined as
where S i · S j is evaluated by 3 S Table I , by taking into account the isotropic interactions in the spin space. Here, the prime at the sum means that j runs over the sublattice A i including i while excluding the case of j = i. Here, α denotes the label of directions concerned which is chosen as J 1 among the three directions; we take the average with respect to the direction in order to take the nonrhombic cases into account. The quantity m sq diag corresponds to the squared sublattice magnetization in the thermodynamic limit when the system is magnetically ordered. It is known that, in the isotropic case, the spin-wave approximation We depict m sq diag in Fig. 4 as a function of 1/N 1/2 s . One can see oscillating behavior in the system size dependence with respect to whether N s is odd or even; thus, the data series of odd N s and even N s should be treated separately from each other. Note here that each series of m sq diag should converge to a common value in the thermodynamic limit. Then, we perform a linear least-squares fitting to each series under the constraint condition of a common intercept. From the analysis without N s = 27, we obtain the fitting lines in Fig. 4 , drawn as the solid line for the data of N s = 12, 18, and 24 and as the dot- 
as an extrapolated value. From the analysis with N s = 27, we have the common intercept 0.551 ± 0.035,
which is in agreement with the result (3). Note that both results (3) and (4) are in agreement with the spinwave result mentioned above. Therefore, the constraintcondition analysis can provide us with a reliable value from extrapolation even without N s = 27. In Fig. 4 , the single-dotted and double-dotted chain lines are also drawn for even N s and odd N s , respectively, as simple linear least-squares fittings without considering the constraint condition. One finds that the intercept for even N s underestimates and that for odd N s overestimates the squared sublattice magnetization with which the result of the constraint-condition analysis is in agreement. Next, we examine the anisotropic case of J 2 /J 1 < 1; the FS result of m sq diag for each N s as a function of J 2 /J 1 is shown in Fig. 5 . One can observe that the magnetic order decreases rapidly as J 2 /J 1 is decreased. We perform the constraint-condition analysis in the cases of J 2 /J 1 = 0.5 and 0.8; the analysis for extrapolation is shown in Fig. 6 . The common intercept was obtained to be 0.04 ± 0.17 for J 2 /J 1 = 0.5, which indicates that the LRO of the 3SS disappears. On the other hand, we obtain a positive common intercept for J 2 /J 1 = 0.8; the result of J 2 /J 1 = 0.8 is shown in Fig. 5 together with of J 2 /J 1 = 0.9 and the result (3) of J 2 /J 1 = 1. These results suggest that the LRO of the 3SS survives in a range having a nonzero width.
Between J 2 /J 1 = 0.5 and 0.8, unfortunately, the constraint-condition analysis gives a quite large error or a negative common intercept owing to a severe FS effect; it is not so easy to estimate the critial value of J 2 /J 1 between the region where the LRO of the 3SS survives and the region where it disappears. In the analysis of only even N s shown in Fig. 7(a) , the intercept at the ordinate changes its sign between J 2 /J 1 = 0.75 and 0.8. From the observation of the isotropic case in Fig. 4 , J 2 /J 1 at the vanishing intercept is considered to be overestimated as the critial value of J 2 /J 1 from the result in Fig. 7(a) . On the other hand, the analysis of odd N s shown in Fig. 7(b) indicates that the intercept at the ordinate changes its sign between J 2 /J 1 = 0.6 and 0.65; J 2 /J 1 at the vanishing intercept is considered to be underestimated as the critial value of J 2 /J 1 from the result in Fig. 7(b) . Therefore, it is reasonable to consider that J 2 /J 1 at the boundary is 0.7 ± 0.1.
In summary, we studied the ground state of an S = 1 Heisenberg antiferromagnet on a triangular lattice with spatial anisotropy by Lanczos diagonalization calculations with large-scale parallelization; the stability of the long-range magnetic order of the 3SS is examined. We found that in the isotropic case, our Lanczos diagonalization data of spin correlation functions are successfully extrapolated to a long-range-ordered value which is quantitatively consistent with the spin-wave approximation. In the present study, we concluded that, in the range of 0.7 < ∼ J 2 /J 1 ≤ 1, the sublattice magnetization gradually shrinks as J 2 is decreased, while the ground state maintains the 3SS. The width of this region is narrower than those of the magnetically ordered state obtained in studies by approximation. 20, 21 In future studies concerning this model, the magnetic structure factor as a function of wave number should be examined in the range near J 2 /J 1 = 1, which will contribute much to our understanding of the relationship between the spiral states and the states with the LRO of the 3SS obtained in the present study. In the region near J 2 = 0 at which the Haldane gap exists, on the other hand, the behavior of the spin excitation gap should also be tackled. Since clusters up to N s = 24 take various tilting angles, it is difficult to observe systematic behavior of the N s dependence; calculations of the N s = 27 system with anisotropy are required. NiGaS 29 and Ba 3 NiSb 2 O 9 30 are considered to be good candidate materials for the S = 1 Heisenberg antiferromagnet on the isotropic triangular lattice, although experimental observations and theoretical predictions are not necessarily in agreement with each other in every aspect. Candidate S = 1 materials in anisotropic cases would also contribute much to our understanding of magnetic phenomena due to frustration. 
